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If p<Oandd > 0,then V(u) < — fplconst|w|{?< 0. The functional V (u) will
have positive values if p > 0 and if some of the eigenvalues A, of the operator (4. 23)
are positive and none are zero, In the latter case we shall have the initial conditions
under which the functions V (u (s, #)), | pw () | will be unbounded functions of time,
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An approximate method of solving the contact problem of impressing a plane
‘stamp of nearly circular cross section into an elastic half-space is suggested .
The friction of the contact surface is neglected. A numerical algorithm for the
method is produced, An elliptical and rectangular stamps are considered asex-
amples.

There is no general method of solving the problems for stamps of nearly cir-
cular cross section. Apart from the classical problem of a plane elliptical
stamp, the literature gives solutions for the problems of polygonal stamps, with
each problem however requiring a diiferent approach. An approximate solution
for the problem of impressing a stamp of nearly circular cross section into an
elastic half-space is given in [1}, The method makes it possible touse the same
approach to solve the contact problem for an arbitrary region of contact,and to
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construct an universal numerical algorithm, The program can be adaptedtoeach
particular case by making the corresponding changes in the procedure of compu-
ting the Fourier coefficients of the equation of the boundary of the area of contact,
Below a numerical algorithm for the approximate method in question is given,
A more effective formulation of the solution is given for the case of the ellipti-
cal stamp.

1, The equation of the contact region boundary can be written in the form of a Fourier
series [1} oo
P2(®) = a2+ a D) C,, cos2n@ = a® +- af (§) (1.1

n=1

Here o is a small quantity characterizing the deviation of the region of contact from a
circle, and @ is the radius of this circle,

The pressure under the base of the stamp is obtained in the form of a series in terms
of the parameter « (p and @ are polar coordinates, and W denotes the settlement of

the stamp) | Fo(p, @)+0F1(p. @) + 02F5 (p. @) + .
. @) = Vo) =2 (1.2)
p2(P) —p
E
Fo(p, 9) =—C, CZWW
C p"
Fie @) =75 m= azZC2n (1— 2,,) cos 2np = ZM2 ¢os 2n¢
n=1
Fa(p. @) = azZ(Ri —R22n)< 2,.) €0S 2nQ = ZFZ cos 2np

n=1
3 FF, p?"
Bly,(p9) =5 Cr— s (1 B F)

The quantities FF,, and R2,, can be determined as Fourier coefficients of the func-
tions ¢ and '/ Fy (o, 9) f (¢), respectively.
The numerical algorithm consists of the following steps:
computation of the coefficients C, of the expansion (1. 1) using the formulas [2];
consecutive computation of the one-dimensional blocks Fy, = Caa €08 219, Filyn,
FFypn, R2;, Ri,, and F2,, using the formulas given above ;
computation of the zero, first and second approximation to the pressure using the
first formula of (1. 2);
blotting the lines of equal pressure.
To find the coefficients FF,, and R2,, we employ the procedure "row (N, Fi, F2, F)"
The "row" yields the first N Fourier coefficients of the series F = F1 X F2 according

to th i
0 the expansions  py F1; cos 2@ + F1, cos 4p + ... + Fl,y cos 2N¢

F2 = F2, cos 29 + F24 cos 49 ... +F2,y cos 2Nq}

Every coefficient Fy is determined by the formula

1
F2L=—2— FizixF22j (L=1,2,...,N)

To carry out the last step of the algorithm, it is convenient to begin the computation
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by covering the region of contact with a grid of concentric circles and polar radii (this
is to form the coordinate blocks R and FI) . After this we determine the pressure at
the nodes of the polar grid (for p > p (¢), assuming that 2 (p, ) = 0) and enter the
pressure values in the block P [[, J'].
, The lines of equal pressure are constructed in the fol-
S 7 lowing order:
0.6 — a) we fix the value of P [L, 1] (L =2, 3,4, .. .)
2 \ at FI{1] =0 ;
b) we construct a one-dimensional block T [J']=
0.4 | P [J°, K] — P[L,1]] for every FI [K] (K = 2, 3, 4,...);
c) we find the smallest element of the block T [J'].
The points on the lines of constant pressure are deter-
i mined as points at which the pressure corresponds to the
04 06 = smallest element of the block 7.
The algorithm can be used to solve the problems of
Fig. 1 arbitrary plane stamps provided that the region of con-
tact is described by the relation (1, 1).

A computing program was written in ALGOL-60 and the computations were carried out
on the "M=~222" computer,

The pressure was determined in the first two approximations and the lines of constant
pressure constructed. The approximate method was checked by applying it to the prob-
lem of a plane elliptical stamp, The ellipse semi-axes were b = 1,11 < a < 1.4.
Comparison of the numerical results with the exact solution showed that the second ap-
proximation values of the pressure differed from the exact values [3] only in the third or
fourth decimal place, Five or six terms were sufficient in the series defined by the last
two formulas of (1. 2),

Using the above algorithm, we have obtained a numerical solution of the problem of
impressing a plane rectangular stamp into an elastic space. Some of the results are given
in Table 1 (the sides of the rectangle are;: 2z = 2.2, 2b = 2).

In the case of a square stamp, the values of the pressure under the stamp coincide with
those obtained in [4]. Figure 1 shows the lines of constant pressure under a square stamp.
The curves 1, 2 and 3 correspond to the values of P/ Py equal to 1,08, 1,21 and 1,58
(Py 1is the pressure at the point p = 0).

Table 1
@ P PyC PyC Py/C @ P Py/C PyC Py/C
0° 0.0 0.9108 | 0.8474 | 0.8487 15° 0.8 | 1.4989 | 1.1049 1.1030
0° 0.5 1.0148 | 0.9236 | 0.9245 45° 0.0 | 0.7030 | 0.8593 | 0.8566
0° 0.8 4.3153 | 1.1581 1.1572 45° 0.5 | 0.7529 | 0.9538 | 0.9495
15° 0.0 0.8803 | 0.8457 | 0.8464 45° 0.8 | 0.8463 | 1.1416 | 1.1331
15° 0.5 0.9799 | 0.9258 | 0.9259

2. In the case of an elliptical stamp the Fourier coefficients of the equation describ-
ing the contact area boundary depend on the parameter @ (a and & denote the semi-
axes of the ellipse)



1088 S. S, Golikova and V, I, Mossakovskii

N
cos? sin? -1 3
PHe) = [ Ty 5 1 :I = a,? + 2a5%a L o™ cos 2ng

a?
n=1
a=a—bla+b, a2=ab
The above property of the coefticients makes it possible to alter the final form of the

formulas and to obtain the higher order approximations more simply.
Expansion (2. 2) of [1] assumes, with the accuracy of up toa® the following form:

1 1 1 Gy
— = ———F-cos2
R R

_az[ 1 C4cos4q)v+_3_ Cz2c0822cp]+

2 3 8 2
1 Cgcosbp | 3 CyC, cos 2 cos 6@
o? [—2" 3 + % 2 =+
5 Cgcos®2¢
5 EF ) tepae

Following the procedure given in [1], we obtain the first three approximations

Fo (p, @) = —C, Fy (p, ) = —C cos 29, F, (p, ) = —3/,C cos 49
1 5
Fs(p, @) = — 5= Ccos2¢ + gaz € (69°— a¢?) cos 69

The pressure under the stamp is given by the fiist formula of (1, 2), The particular
characteristics of the pressure at the contact area boundary which was assumed from the
the start, are retained. It can easily be shown that such representation of the pressure
gives good agreement with the exact values [3], The proposed method can be used to
solve the problem of an arbitrary, nearly circular plane stamp.
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